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Abstract 

The boson representation of the sp(4, R) algebra and two distinct deformations of it, sp g (4, R) 
and spt(4, R), arc considered, as well as the compact and noncompact subalgebras of each. The initial 
as well as the deformed representations act in the same Fock space, which is reducible into two 
irreducible representations acting in the subspaccs T~C-\. and T~C— of Tt. 

The deformed representation of sp q (4, R) is based on the standard q-deformation of the boson 
creation and annihilation operators. The subalgebras of sp(4, R) (compact u(2) and noncompact u s (1, 1) 
with £ — 0, i) are also deformed and their deformed representations are contained in sp g (4, R). They 
are reducible in the 7^_i_ and "H_ spaces and decompose into irreducible representations. In this way a 
full description of the irreducible unitary representations of u q (2) of the deformed ladder series u^(l, 1) 
and of two deformed discrete series u q (1, 1) are obtained. 

The other deformed representation, spt(4, R), is realized by means of a transformation of the q- 
deformed bosons into g-tensors {spinor-likc) with respect to the sv,q(2) operators. All of its generators 
arc deformed and have expressions in terms of tensor products of spinor-likc operators. In this case, a 
deformed su±{2) appears in a natural way as a subalgebra and can be interpreted as a deformation of the 
angular momentum algebra so(3). Its representation in 1H. is reducible and decomposes into irreducible 
ones that yields a complete description of the same. 

The basis states in which require two quantum labels, arc expressed in terms of three of the 

generators of the sp(4, R) algebra and are labeled by three linked integer parameters. 
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1 Introduction 



Symplectic algebras enter in physical applications when operators that change 
the number of particles of the system are employed. One example is a descrip- 
tion of collective vibrational excitations of a system of particles moving in an 
n-dimensional harmonic oscillator potential. In this paper we start by consid- 
ering the simplest two-dimensional case with sp(4, R) as its dynamical sym- 
metry algebra. Sp(A, R) is a noncompact group that is isomorphic to 0(3, 2) 
g. A reduction from sp(4, R) to the u{2) = su{2) © u(l) ~ so(3) © o(2) 
subalgebra gives rise to a classification scheme with basis states that exhibit 
collective rotations. There are three possible reductions to representations of 
the noncompact w(l, 1) = su(l, 1) © u(l) subalgebra that are important for 
a complete classification of the basis states of a system. 

Although sp{4, R) is the simplest nontrivial case of a noncompact sym- 
plectic algebra, this structure is realized in various applications [0, |3j . It also 
serves as an example for exactly solvable test models |T[. The applications 
are related to different interpretations of the quantum numbers of the bosons 
used to create its representations. In addition to its use as the dynamical 
symmetry in some collective models of nuclear structure sp(4, R) has been 
used for a complete classification of yrast-band energies in even-even nuclei 
||. And since it is rather easy to generalize sp(4,R) results to higher rank 
algebras ||, features uncovered for sp(4, R) have extended applications, the 
bosonisation of other symplectic algebras being a case in point |J. A further 
application of sp(4, R) is in the application of mapping methods [[?]], where 
the main purpose is to simplify the Hamiltonian of the initial problem M. In 
all such applications, a tensor realization of the sp(4, R) algebra derived from 
the usual boson creation and annihilation operators, is most convenient. 

In the last decade a lot of effort, from a purely mathematical as well as a 
physical point of view 0,|TIJ has been concentrated on various deformations 
of the classical Lie algebras. The general feature of these deformations is that 
at some limit of the deformation parameter q, the (/-algebra reverts back to 
a classical Lie algebra. More than one deformation can be realized for one 
and the same "classical" algebra, which can be exploited in different physical 
applications. There are a lot of similarities between the classical Lie algebras 
and their deformations, especially with respect to the action spaces of their 
representations. The study of deformed algebras can also lead to deeper 
understanding of the physical significance of the deformation. 

In this paper we explore boson representations of the sp(4, R) algebra. 
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We begin with the well-known representation of this algebra in terms of 
"classical" boson creation and annihilation operators ( Section 1) and con- 
sider all the subalgebras and various ways to specify basis states by means 
of eigenvalues of the operators associated with them. We also introduce a 
deformation of this algebra in terms of standard g-bosons, and following the 
same procedure we investigate the enveloping algebra of sp(4, R) that is so 
obtained and explore the action of its generators on the basis, which remains 
the same (Section 2). We obtain another deformation of the same algebra by 
transforming the (/-deformed bosons into tensor operators with respect to the 
compact subgroup SU q {2) defined in the previous section. In this case we use 
g-tensor products to obtain its generators, which are also tensor operators 
in respect to SU q (2). Their components form subalgebras in a natural way 
and the compact subalgebra sUf(2) that is so obtained can be interpreted 
as isomorphic to a deformation of the so(3) algebra (Section 3). In the last 
section (Section 4) we investigate a representation of the basis in terms of 
generators of the spt(4, R) algebra, which introduces three quantum numbers 
for specifying states that map onto the corresponding classical results. 



2 Boson representations of sp(4,R) algebra. 

Let us begin by recalling some features of the boson representation of sp(4, R) 
TT\ , ||. The operators b\ and b i: i = ±1, which satisfy Bose commutation 
relations 

[b t ,bl} = 5 hk , [&I,6l] = [M*] = 0, (1) 

are the natural language for a description of the two-dimensional harmonic 
oscillator [[[]. They act in a Hilbert space "H with a vacuum |0) so that 
bi |0) = 0. The scalar product in H. is chosen so that b\ is the Hermitian 
conjugate of bi [(&!)* = bi] and (0 1 0) = 1. The vectors 

Kv _ l)= m$i m , (2) 

\M!i/-i! 

where V\, V-\ run over all non-negative integers, form an orthonormal basis 
in TC. They are the common eigenvectors of the boson number operators 
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JVi = b\b u N-i = fel^-i and N = iVi + N-i : 

iVil^i, v-x) = v\\v\, v-i), 

iV_i|i/i,i/_i) = (3) 
JV|i/i,i/_i) = ^|z/i,z/_i), 

where 1/ = i/l + and 

iV, = jV*, [JVi, 6{] = 6}, [iv tj 6,] = -6, ; i = ±i. (4) 

The boson representation of sp(4, i?) is given in a standard way by means 
of the operators F it j = b\bj, Gij = F*j = bibj and A it j = A*^ = bjbj + ^S it j 
where i,j = ±1 |TT|. It is reducible and decomposes into two irreducible 
representations, each acting in the subspaces 7i + and 7i_ of TC labeled by 
the eigenvalue of the sp(4, R) invariant operator P = (— 1)^ : 

H = H + ®H-, P\<p±) = ±\<p±), \<p ± )eH±. 

In other words, TC + is spanned by the vectors (0) with v — V\ + v_x even 
and TC- with z^-odd, respectively. 

The maximal compact subgroup U{2) of Sp(A,R) can be generated by 
the Weyl generators Aij as well as by the well-known equivalent system 

I + = b\b^, I_ = P + = bl 1 b 1 , I = P = 1 -(b{b l -bl 1 b- 1 ), N (5) 

that satisfies the commutation relations 

[I ,I±] = ±I±, [/+,/_] =2/ , [N,I±]=0, [N,I ]=0. (6) 

The operators Io,I± close the algebra su(2) ~ so(3). The operator N gen- 
erates u(l) and plays the role of the first order invariant (|6|) of U{2) = 
SU(2) <S> U(l). Each of the TC + and TC _ subspaces decompose into a direct 
sum of eigensubspaces of N, defined by the condition that v is fixed: 

n + = © nt , n - = © n~ . m 

v v y 1 

An irreducible unitary representation (IUR) of U{2) is realized in each TC ^ 
space. 

Another option for labeling the basis vectors @ is the eigenvalues of the 
second order Casimir operator of SU(2), 

I 2 = 1(1+1- + J_J + ) + 7 / = y (y + 1) , (8) 



and its third projection, J : 



l 2 \i,i ) = i(i + l)|Mo), JolMo) = *o|Mo) , 
where from @ i = | = |(z^ + z/_x), z = - and 

lMo> = J O) ss h,^i). (9) 



Applying the raising and lowering operators I. 



I±\i,io) = y/{iT «o)(* ± «o + l)|Mo) , (10) 

to the lowest |i, — i) (highest weight state v times we obtain all the 

basis states of a given representation. 

We are also interested in the noncompact content of the boson represen- 
tation of sp(A, R). 



1. A reducible unitary representation ("ladder series" \V2\ ) u (1, 1) of the 
algebra it(l, 1) with Weyl generators b\bi, &1&I1, —6-161, — 6_i6Li acts 
in TC. The first order Casimir operator of U°(l,l) is essentially the 
operator I , 

C° 1 =b\b 1 -b_ 1 bl 1 =2I -l, 

and hence the reduction of the ladder series into IUR's (ladders) can 
be carried out by using I . The spaces TC ± decompose into direct sums 
of eigenspaces of J labeled by i = \{v\ — V-x)'- 

H + =@Hl, TC - =® n~ . (in 

to 10 x ' 

An irreducible representation (a ladder) of the u°(l, 1) is induced in 
each TC io space. The operators N = A1 + AL1 and Iq = \{Nx— ALi) can 
be considered as another complete set of operators, both diagonal in the 
basis (|) and therefore uniquely specifying the states. We can represent 
this fact with the pyramids given on Fig.l, where the rows representing 
the IUR of U(2) are labeled by v and the columns representing the 
ladders of u°(l, 1) by io- Each cell corresponds to one of the states 
\vi, V-i) defined by @. For the Tt + space we have 

Figure 1 
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and for 7i 



Figure 2 
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The set of operators F = F^-i = feJ&LijGo = G\-\ = &i&_i and 
A = ~(iV + 1) give a representation su°(l, 1) of the su(l, 1) algebra. 
They commute in the following way: 

[A), -Po] = F , [A , Go] = —G , , [F , G ) = — 2A . 

By adding the operator I we obtain the u°(l, 1) = 1) © 

extension @. 

The second order Casimir invariant of this subgroup is given by 

1. 
2 



C 2 (SU°(l,l)) = (A f 



i(FoGo + GoFo) = (/o + ^)(/o 



(12) 



The quadratic equation (i Q + |)(io — \) — 0(0 + 1) has two solutions 
for 0: 4>\ = io — \ and 2 = — i — ~. Thus the discrete positive series 
D + of IURs of su(l, 1) is realized for the real negative values of 0i >2 
TT| . The corresponding spectra of 0i(«o < 0) and 2 (io > 0) are: 
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In the framework of su°(l, 1) a degeneracy takes place - the same IUR 
of su(l, 1) is realized in Tif o and in 7~i-i - This degeneracy is removed 
by the operator Jo , i.e., after the extension of su°(l, 1) to u°(l, 1). In 
each representation of D + the spectrum of A = j(N + 1) is given by 
a = \(v + l) = -(pi, -4>i + 1, -(pi + 2 ,2 = 1, 2. 

2. Next we consider two mutually complementary representations su + (l, 1) 
and su~(l,l) of the algebra su(l, 1) C sp(4, R) acting in H. They 
are given by the operators F± = \F± 1>±1 , G± = \G±\ t ±\ and A± = 
|(iV±i + |), respectively, with commutation relations 

[A±,F±]=F±, [A±,G±] = -G±, [F ± ,G±] = -2A ± . 

It is simple to see that each of the generators of SU + (1, 1) commutes 
with all the generators of the other SU~(1, 1) subgroup. The second 
order Casimir operators of the S , [/ ± (l, 1) are 



C 2 (SU ± (IA)) 



(A±f- 1 -(F ± G ± + G ± F ± ) = -^. (13) 



The equation 0(0+1) = — ^ has two solutions: (pf = — | and (pf = — |. 
Therefore, two unitary representations from the D + series are realized. 
The corresponding spectra of the eigenvalues ct± = |(^±i + \) of the 
operators A± for (pf = — | are given by 



and for 0f 
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(14) 



(15) 



In this case the addition of the operators N T i considered as generators 
of the representations £7 T (1) of the group £7(1), extend sw ± (l, 1) to 
the w ± (l,l) = sm ± (1,1) Q)u T (l). N Tl act as the first order Casimir 
operators of £7 ± (1, 1). The spaces H + and H _ are decomposed into 
direct sums of eigensubspaces of 7V_iand N^. 
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In each Tt ^ a (<f>i), i = 1, 2 a IUR of it(l, 1) is realized. The degeneracy 
which takes place on the level of su(l, 1) is completely removed after the 
extension to w ± (l, 1). The subspaces H t^i^i)^ = 1)2 are represented 
on fig.l by the diagonals defined by the conditions v T i fixed. 

3. Finally we can construct another representation of su(l, l)by the simple 
sum of the generators of the SU ± (1, 1): 



F=i(F ljl + F_ 1 ,_ 1 ), 
G = 2(^1,1 + 
A = \{N X + AL X + 1) = A . 



3 (/-bosons and the quantum sp q {A, R) algebra 

In this section, using the g-deformation of the classical bosons, we are go- 
ing to construct a (/-deformation sp 9 (4, R) of the boson representation of 
the sp(4, R) algebra l lQfl , in the same manner as in the previous section. 
We start by deforming the operators b\ and bi, i = ±1, by means of the 



transformation 131: 



where [X] 



q-q 



V Ni"*' 

Obviously (a] 



[Nj+l] 
Ni+1 



(17) 



a.j. It is possible to interpret the 



deformation of the classical boson creation and annihilation operators b\ and 
bj_ where i = ±1, by analyzing the expansion of the coefficients in (|17| 
terms of the deformation parameter r, introduced as q = e T : 
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M = 1 + I (nf _ 1) T 2 + 1 ( L N f _ Iat2 + 1) r 4 + o f T e) (18) 
iVi 6^ ! l 12 V10 1 3 1 30/ V ' V ; 

In this case we have an infinite expansion containing all the even powers 
of the deformation parameter and also all the even powers of each of the 
classical operators iV, of the number of bosons. 

From ( |T7D it is easy to obtain the g-deformed commutation relations for 
the deformed oscillators: 

ajd] — q x a\ai = q~ Ni , (19) 
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q 1 a\a i 



[<k, 4] = °> i a h 4] = fa, a k] = 0,i^k. 

In terms of the deformed boson operators, the basis vectors 
NO) = 0): 



■|o) 



■|o), 



(20) 



are 



(21) 



where [X]! = [1][2][3]....[X]. Obviously the spectrum of the operators N iy 
i = ±1, is preserved ([!]). It is easy to see that their relations with the 
g-deformed bosons are the same as (f|): 



[Ni,ai] = -ai , [Ni,a\] 



,t 



(22) 



A g-boson representation of a g-deformed algebra sp q (A, R) acts in the 
Fock space H, which can be represented by the following set of operators: 



F q ■ 



Qj j Ctj , 



i,j = ±1, 



4 = ia Tl , J = i(JV a -JV_ 1 ) = / 0j N — Nx + 7V_i. 



(23) 



In this representation the raising and lowering operators F^, and 



1,3 



J + , J_ = J* are deformed. The complete set of operators N and I used in 
the sp(4, R) case is retained after the deformation. This allows one to rewrite 
the basic states ( |2TJ) in the form (compare with flj^)): 



y-m 



f|0>, 



\f[j + m]\\j - m\\ 
where 

N\j,m) = 2j\j,m), J \j,m) = m\j,m); (j = i,m = i ). 
It can be checked directly that 



J ± ,N} = 0, 
F l 9 J1 N]=-2Fl 1 , 



J o ,N} = 0, 
Gl,N 



2G h- 



It follows that in this case the operator P = (— 1)^ also commutes with all 
the elements of the representation of the sp q (4, R) considered. In other words, 
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the decomposition H = H + © 7Y_ remains the same after the deformation. 
Thus the (/-boson sp q (A,R) representation decomposes into two irreducible 
ones acting in Tt + and TC-, respectively. 

The reduction to subalgebras is the same as in the nondeformed case. In 
7i there is a reducible representation of u q {2) given by iV and the operators 
J± , J which commute in the following way: 



[J ,J±]=±J ±J [J+,J_] = [2J 



(24) 



Since the same operator N acts also as a first order invariant of u q (2), the 
decomposition (^) of the spaces H + and TC- remains after the deformation. 
In each of the TC^ spaces there acts as well an IUR of su q {2) generated by 
Jo, J±. The second order Casimir operator in this case is given by the operator 



J 2 = ±(j+J- + J-J + ) + ±([j ][j + i] + [j ][J -i]) 

= J + J_ + [J ][J Q -1] = J_J + + [J Q ][J + 1] = 

Its eigenvalues equation has the form 

3 2 \j,m) = + l]\j,m). 
The action of the deformed J± is: 

J±\j,m) = yj\j ±m + Tm}\j,m). 



(25) 



~N~ 




\N 1 








y. 







(26) 



By acting with J T on the highest ( lowest) weight states \j,j) 2j 
times we obtain all the basis in the space Hf of a given IUR of su q {2) 
(a row in the diagrams in Fig.l). So in the context of the boson sp q (4, R) 
representation, we have a full description of IURs of the deformed su q {2) 
algebra. 

Thus far we have focused on compact structures; we now turn to a con- 
sideration of noncompact cases. 

1. In the 7i space, a deformation u q (l, 1) fl3| of the u°(l,l) algebra acts. 
It is generated by the operators 



t„t 



a a 



k° = Un + i), 



K°_ 
Jo, 



G\ i — aia_i, 
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which have the following commutation rules: 



-^0) JX ± 



±Kl, 



K, J ] = o, 



K° + ,K°_ 
K° ± ,J 



-Ml, 



o. 



The reduction of H to eigenspaces of the operator J = Iq ( [IT]) is 
invariant with respect to the deformation. So the IURs (ladders) of 
Ug(l, 1) act in 7i^, m = %q. IURs of su°(l, 1) C 1) and generated 
by K±,Kq act also in Tl^- The second order Casimir invariant of 
SUg(l, 1) is given by: 



:K ) 2 = |([^o ][^o + 1] + [^o ][^o -1]) 
= [K°][K° + 1] - K Q K° + = 

= [K$\[K°-1]-K°K1 = 



-l(K° + K°_ + K°_K° + ) = 



[Jo 



The last expression is obtained with the help of the relations: 



(27) 



21 o 



K°K° 
1 



a: 

^0 



N 
~2 

N 

y 



[Jo 

1 

2. 



)|j,w>- 



Hence the eigenvalues of (K ) 2 on the basis vectors are 
(K°) 2 |j,m) = ([m] + 

The equation 

)(H- 



([m] 



+ 2 



) 



has two solutions for 6 q : 



m — 



and 



— to — 



. Imposing 



^ < we obtain for g > a description of the deformed discrete 
series of su Q {l, 1). The spectra simultaneously run by 0f and m 
are, respectively, for <p\ < (to < 0): 
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and for §\ < (m > 0): 
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A degeneracy of the same type as in the nondeformed case takes place 
because of the quadratic dependence on [J ] in fl2~7l). But we should 
underline that in this case also the degeneracy is removed by the oper- 
ator J , which remains nondeformed and is acting as a first invariant of 
Ug(l, 1). The spectrum of Kq = |(iV+ 1), which is also a nondeformed 
operator, is related to the nondeformed (0 9 — > 0), so we have: 

-(*/+!) = -0,-0+1,-0 + 2, 



2. At the end we will discuss the deformations u^(l, 1) |13[ of the two 
mutually complementary representations u ± (l, 1), each realized by only 



one kind of g-boson. The operators 



n + - \ 2 ] r ±l,±l 



[2l"±l a ±l5 



- ~ m ^±1+1 



N: 



¥] a±ia ±1 , (2g) 



commute among themselves in the following way: 



■0, 



•[2^o ± ] 2 , 



0, 



where the notation [X], 



applies. The nondeformed opera- 



tors iV T i extend the su^(l, 1) to u^(l, 1) and act as first-order Casimir 
invariants. The second-order Casimir invariants have a slightly modi- 
fied form (compare with (p7j)): 



C 2 {SU±(1,1)} 



[KtMKt + lh-K±K± 
[K£] 2 [k£ - 1] 2 - K%Kt- 



In this case we have the following expressions: 
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2 W± 



1] [N± + 2] 
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[K*\ t [K±-l] 3 
As a result we obtain: 



C 3 {SU±(1,1)} 
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In this case the g-deformed equation 

(k ± ) 2 = (? ip ± (y ± + 2 

has solutions 
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which means that in the Ti, space a discrete series of two (/-deformed 
representations of su q (l,l) is realized for each kind of g-boson (with 
index +lor —1). The spectra of correspond to the limit g tpf 



± 



, , i — 1,2 and coincide with the spectra of the operators A± in the 

) and (l5|)). Here, again the extension 
,/ ,/ suf (1,1) 



nondeformed picture (see (| 

u T (l) is realized by adding 
the operators N T i. Thus the degeneracy is eliminated in the same way 
as in the nondeformed case. Now the spaces in which the irreducible 
boson representations of the classical u (1, 1) and g-deformed ur(l, 1) 
act are the same and the decompositions (|T6]) are the same, as we have 
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4 Deformation in terms of su q (2) tensor oper- 
ators 

The g-deformed bosons a\ and <2j, i = ±1, are not components of tensor 
operators with respect to the standard su q (2) defined in the previous section 



14]. However, the following nontrivial modification of the creation and 



annihilation operators for k = ±1 introduced in eqs. (|17D and p 



k + kN -k 



4 = <pa! k q-T- ; (29) 
t k = q~4a_ k q^~ (30) 



transforms these operators |TG] into two-dimensional conjugated, spinor-like 
(of rank |) tensors, = with respect to su g (2). These deformations 

can be related to the classical bosons b\, bi, i = ±1, by means of their 
transformations to g-deformed oscillators (|T7|) . 

From the oscillator commutation relations ( |T9| ) and ( pD| ) we obtain the 
commutation relations: 



4, 4W = 9~ 5( ^ 



-2J 



[ 4, if],* = [ *fc, tilf, = 0, (31) 
p = = -a, l,k = ±l. 

In this case another g-deformation, sp t (4:,R), of the sp(4,R) algebra, with 
generalized Gauss decomposition 

G = g-®h®g+, 

is constructed by the tensor products of the fundamental oscillator represen- 
tation for su q {2) fl2g) and 



(i ® *)J„:= 2^ 2<7+ , I = l,m = 0,±l, (32) 
®tf) l m :=f l m Dg_, / = l,m = 0,±l, (33) 
i f ® Om — 2 ft, / = 0,1, m = -/,-/ + !,...,/. (34) 



This sp t (4, R) algebra |Tj| is decomposed in a natural way into a deformed 
compact subalgebra /i = su t (2) ® «t(l) that is generated by the spherical 
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tensors L x m (m = 0, ±1) and Lq ([53] ) and g + and g_, which are two q- 
nilpotent subalgebras containing the components of the two conjugated first 
rank tensors (m = 0, ±1) fl32| ) and (m = 0, ±1) (|33] ). In this case the 



stit (2) generated by the components of a first rank tensor L x m (m = 0, ±1) 
34]) can be interpreted |H| as isomorphic by construction to a deformation of 



so(3) - the classical algebra of the angular momentum. Using the (/-deformed 
realization of the Clebsh-Gordon coefficients for sii g (2) (|23|) , we obtain 



T{ = 

n = 


a = 
- tid.i = 

q- l *J\2}t\tU = 


(f^y, 

(Tl)*, 

(ny, 


i __ 
i _ 


t\t x = q-^J + q~ Jo 
tLit-i = qhj_q- J o 


= (l 1 ^)* 
= (L\y. 



the explicit expressions for the operators (|32|), ( |33|) and ([34]) in terms of the 
g-spinors ( p9|) and (|30|) : 



(35) 



(36) 

The above eight operators are the g-tensor analogues of the deformed raising 
and lowering generators of the sp q (4, R). Further we consider the operators: 

M 1 = t{t- 1 = q*[N 1 ]q N -\ Af- 1 = tl 1 t 1 = q- l 2[N_ 1 }q- N \ 

t^t\ = q l 2[N l + l}q N -\ t 1 tl l = q-HN-i + l]q- N \ 1 ' 

obtained by means of the substitutions (|29|) and fl3~0|) . It must be noted that 
in this case those are deformed operators and do not have expression in terms 
of the classical bosons unlike the boson number operators A^and iV_i, used 
in the case of sp q (4, R). 

By means of an expansion like that introduced in (p~8f ) it is easy to verify 
the mixing of two kinds of oscillators k = ±1 introduced through the use of 
tensor operators 

[N k ] q ±N ~ k = N k ±N k N„ k T+^N k (3N 2 _ k + N 2 k -l)r 2 (38) 
±\N k N„ k ( N 2 - 1 + N 2 k ) r 3 + O (r 4 ) . 

It is simple to see that the operators Mi and A/"_i belong to the enveloping 
algebra of the classical oscillators. In ( [JSp all the powers of the deformation 
parameter r and all the degrees of the two "classical" operators N k = b\b k for 
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k = ±1 appear. Using (|TTD, (f29"D, and 



[W*,*k] 



we have the following relations: 
—t~k, 



= 0, [N k ,t k \ = 0, 
and as a result we have the correct tensor properties: 



fc.t 

2 ki 



[Jo, tk] 



The third component L\ and scalar operator Lq are obtained as: 



L = Uq[N x \ q N ^ - q -\N^\q-^ 



+ l]-<T 1 [jV_ 1 ][JV 1 + l]), 



(39) 



= [N]. 

), (B3) and (I 



Using (|3T| ) we find the commutation relations 



(40) 



From (f4*0|) it is obvious that the components of the first-rank tensors L x m (m = 
0, ±1) close in a natural way on another deformation, sut(2), of the classical 
su{2). The scalar operator Lq = [N] commutes with all the components of 
the first-rank tensors L l m (m = 0, ±1), 

[N],L 1 m ]=0, 

and yields decomposition u t (2) = su t {2) © u q (l) with first-order Casimir 
invariant [N]. The second-order Casimir operator for SUt(2) is calculated as 
the scalar product: 

L)° = qL^L +1 + q^L+iL.t - L L = ^[N][N + 2}. (41) 



[3](L 



For completeness we present all the other commutation relations of the 
tensor operators fl32"|) , (|3~3"D, and fl34|) in a slightly different form than in |i~5 



The commutators of L x ±l with the pair raising and lowering operators define 
their transformation properties in respect to the g-deformed so(3) subalgebra: 



_j_^-(m±l) 
±9 -(m±2) 



[l T m][l±m + l] r^ ig - 2J », 
[lTm][l±m+l]t ±1 f 2J » 



(42) 
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Hence the operators and T^, m = 0, ±1 form two conjugated vectors with 
respect to the so(3) subalgebra. From the following commutators for k = ±1 
and m = ±1: 



it is easy to obtain the commutation relations of and (m = 0,±1) 
with the operators fl39l). 

The pair operators T^, generate the two q -nilpotent algebras g + , g_ 
and fulfill the following q -commutation relations: 

Prfli > ^m 2 ]<J 2 ( m l~ m 2) = 5 [^IJll ' T rn2 ] q 2(m 1 -m 2 ) = . (44) 

The commutation relations between the and close in terms of compo- 
nents of the angular momentum g-analog (^). The subset with mi + m 2 ^ 
can be presented in a unified way as 

[T^f^] g , {m2 - mi) = -q- m ^][2(m 2 - m^L)^^ , (45) 
while for mi + m 2 = we obtain 

T^ 1 ] = [2}[N+l}q-^, (46) 

[T^.f}] q , = -[2]{ g a r aJo + ri[2]^"-i}g- aJb • 

In the limit g — > 1 these reproduce the commutation relations of the 
"classical" sp(4, R) algebra, which has a lot of interesting applications in 
the nuclear physics. It should be noted that in this case we do not obtain 
a simple generalization of the noncompact su E (l,l) (e = 0,±) subalgebras 



of sp(4, R) as is the case with the g-bosons. By analyzing relations ( [I"3"| ) 
and (f|^) it can be seen that they close in the enveloping algebras of the 
respective classical u E (l, 1) (e — 0, ±). Actually this is a general property of 
this tensor deformation of sp(A, R) because of the appearance of the q~ 2Jo — > 

1 factors on the right-hand-side of all commutation relations. The problem 



of eliminating this is solved in [16 



Working in terms of tensor operators makes the evaluation of the most 
general sp t (4:,R) invariant operator with respect to the g-deformed so(3) 
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subalgebra quite simple. It is constructed as a linear combination of the 
scalar products of (|32|), (|33|) and ( p4[) that preserve J : 

S 2 = Sl Tl .f\ + s 2 fl.T l _ k + s,L\.L\ k + s 4 [Nf= (47) 
s x [N] [N-l] + s 2 [N + 2] [N + 3] + s 3 [iV] [iV + 2] + s 4 [iV] 2 . 

From this expression it is clear that four additional phenomenological pa- 
rameters (si with i = 1, 2, 3, 4) together with the deformation parameter, are 
introduced in the invariant. This allows for a larger variety of interactions in 
the corresponding Hamiltonian problem. 

5 The basis states in the case of ^-tensor spt(4, R) 
algebra 

Now consider 7i as the space of the action of the g-deformed tensor rep- 
resentation of the sp t (4:, R) described in the previous section. In terms of 
the spinor-like creation and annihilation operators, ( |29|) and (^), the basic 
states (0) have the form 



which introduces a dependence on q. It is easy to check that the operator 
P = (— 1)^ commutes with all the generators, (|32|), (|33|) and ( 0), so in 
the g-deformed tensor case the spt(4, R) representation is also reducible and 
splits into two irreducible ones acting in the TL + and TL- subspaces. 

In what follows we will consider the space 7i + to have v = v\ + z/_i even. 
The states of 7i- can be obtained from the ones in 7i + with the help of the 
operators t\ and % (k = ±1). The later can be considered to be the odd 
generators of the superalgebraic extension of the even sp t (4, R) fT6|| . 

Looking forward to future applications, we represent the basic states 

v-i) E H+ as 

\n 1} n ,n^) = n{ ni n , n^)(T^(T^ no (T^) n -'\0) = ^u^) (49) 
where (i = 0, ±1) are integers restricted by the linkages 

v\ = 2ri\ + no v~i = 2n_i + no, (50) 
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and 77(77^770, n_i) is the normalization factor given by 

q— i(m-n_i)— ni(no+n_i)-n_i(n +ni) 

77(nin ,ri_i) = — . (51) 

'[2]"° [2m + n ]![2n_i + n ]! 



This representation of the basic states is useful for a consideration of appro- 



priate mapping procedures []17| for the sp t (A, R) algebra. It should be noted 
that in this case we use the ordering ( fi9|) of the components of the vector 
(m = 0, ±1) (|3^). Other orderings can be obtained from this one by means 
of the commutation relations (0). The g-factors that will appear in such a 
result can be incorporated into the normalization coefficients.. Keeping in 
mind (|3| ) and (|37p it is obvious that 

M|* / i,f-i) = N^'K^-i); = [f-iJg^K,^-!) (52) 

[N]\v 1 ,v_ l ) = [v]\v 1 ,v_ l ). (53) 
Therefore, passing to representation ( f49|) and in view of (p0| ) one finds 

Mx\n x n ,n_i) = [2m + 77 ]g 2n - 1+n °|m n , n_i); 
A/Li|nin Q ,n_i) = [2n_i + n ]g~ 2ni " no |ni,™ , 

and 

[iV]|m ,n ,n_i) = [2n]]m,%!™-i>- 

Note that 

277, = 27ii + 277o + 277_i = V jo = ^(l^i — Z/_i) = 77i — 77_i . 

Now we can consider two extremal cases for possible values of the addi- 
tional quantum number no- 

1. 77o takes on minimal values. Since we are in the space Ti, + the integers 
i>i and v_\ are simultaneously even or odd. For z/ x and v_\ even 
(min 77 = 0) and with the help of ( j3l|) we obtain from fl48|) 

lni,0,n_i) = g -5("i-"-i)- 2 "i"-i l i; 1 - 1 i = |0)= (54) 

V[2m]![2n_i]! 

q -k(t*.-»-l)-fav-l ( T l)~( T -l)~ |Q\ 
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For ui and — odd (minno = 1) we find that 

-i(3ni+n_i)-2mn-i K 1 1 ) 1 0\ 1 -l) 



\ni, l,n_i) 



4(1/1-^1-21-^1^-1 (^l) 2 r o( r -l 



[2][2m + l]![2n_i + l]! 

^-i-i 

2 

=^|0). 



|0> = 



V / [2TN![ 



v-i ! 



In this way the g-deformed spinors are coupled to maximal degrees in 
rii and n-i for the components and Tl 1; respectively. Representing 
the basis states in 7i + as \rii, n , n_i) vectors, in the case of minn = 
or 1 we can redraw the pyramid in Fig.l in the following way: 

Figure 3 
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From the above illustration it is easy to see that we can obtain each 
state from the left (right ) diagonals of the pyramid by the action on the 
minimal weight state with the raising operators Ti(Tli), respectively. 

2. n takes on maximal values. In this case we have n_i = or n\ = at 
v\ 7^ z/_i and ri-i — n\ — at v\ — i>-\. There are two possibilities: 

On the left side of Fig.l, where v\ > and the coupling of Tq(ti-i = 
0, max n = v_\) is to the maximal degree, 



|ni,rao,0) = q 



^ni-mn _ 



(T 1 1 ) ni (T 1 ) n ° 



= |0) 



[2]-o[2m + no]![no]! 



(55) 



|0). 



For the states from the right from the central ladder [y\ < V-\,ni = 
0, maxiio — v\) we get the expressions 
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|0,n o ,n_i) = q -2^-n-i 



n _ 



=|o> 



Q 



[2]"°[«o]![2n_i+no]! 



|0). 



'h]![^!]![2]^ 

In this case (maxrio = ^ior z/_i) the table of the basic states has the form: 

Figure 4 
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This case corresponds to a coupling to maximal degree for the operator T . 
With it we move along the columns by acting on the minimal weight state an 
infinite number of times. These two forms for the basis states are equivalent. 
The transition between Case 1 and Case 2 is realized by means of the relation 



1\2 



(56) 



We now give the action of the g-deformed tensor representation of the 
algebra su t {2) ~ so t (3) with generators (m = 0, ±1). First note that 

[L^N] =0,m = 0,±l. 

From decomposition (0) one can observe that in each subspace TC U [y = 2n) of 
7i + an irreducible representation of su t {2) acts. The eigenvalue of the second- 
order Casimir operator for a given irreducible representation is pj [2n] [2n + 
2] (HI)- Furthermore we know the action of the raising and lowering operators 
L± x for n fixed in the case when uq = maxn = v\ or v_\. Along the rows 
given by v = 2n at V\ > v_\ we move by acting with the operator (L^) 
[k < n) on the highest weight state \n\ = n, 0, 0): 



[2n)\[k)\ 
\ [2n-k]\ 



k,k,0). 
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Further, for V\ < v_\. 

(L 1 _ 1 ) k \0,n,0)=q^ 



n + k)\ 



\ [n-k)\ 



|0, n — k,k), 



and therefore 

(L 1 _ l ) 2n \n, 0, 0) = [2n]!|0,0,n). 

For the action of {L^^ (k < n) on the lowest weight vector |0, 0,n) at 
v\ < z/_! we have that 



(L l +1 ) k \0,0,n) = qt 



ife(2n-Jfc) 



[Jfe]![2n]! 



\ [2n - k]\ 

and from the center for v\ > V-\ we obtain the result 



0, k, n — k), 



(L^ 1 ) fc |0, n, 0) = q-^ k2 
and it therefore follows that 



[n + k)\ 
\ [n-k}\ 



\k, n — k, 0), 



(L +1 ) 2n |0,0,n) = [2n]!|n,0,0). 

The operators L^do not differ essentially from the operators J± ( |36|) so 
their action on the basis states is easily obtained by means of (|26|) if we 
take into account the appropriate g-factors and the relations j — | = n and 
Jo = ni — n -i- The eigenvalues of the operator L\ ( |39|) on the basis states 
are given by 

Lj|ni,no,n-i) = pj{<?[2ni + n ][2n_i + n + l]|ni, n , n_i) 
-<2 _1 [2n_i + n ][2ni + n + l]|n 1( ra , n_i)}. 



Unlike Jo, L\ has different eigenvalues for each step of a given ladder. 



6 Conclusions 

In this paper the boson representation of the sp(A, R) algebra and two differ- 
ent deformations of it, sp g (4, R) and sp t (4, R), were considered. The initial as 
well as the deformed representations act in the same Fock space 7i. All three 



22 



are reducible and each one is decomposed into two irreducible representations 
acting in the subspaces 7i + and 7Y_ of 7i. 

The deformed representation sp q (4, R) is based on the standard q -deformation 
of the two component Heisenberg algebra, realized in terms of creation and 
annihilation operators. In this case eight of the ten generators are deformed, 
but the complete set of the boson number operators Ni and ALi (or their 
linear combinations N and J ) are preserved as in the "classical" case. The 
latter cannot be expressed in terms of the deformed bosons. The subalge- 
bras of the boson sp(4, R) (the compact u{2) and the noncompact u e (l, 1) 
with e = 0, ±) are deformed as well and their deformed representations are 
contained in sp q (A,R). They are reducible in the spaces H + and 7i_ and 
decompose into irreducible ones. In this way a full description of the irre- 
ducible unitary representations of u q (2) of the deformed ladder series v? q (l, 1) 
and of two deformed discrete series (1, 1) were obtained. 

The other deformed representation, sp t (4,i?), is realized by means of 
a transformation of the g-deformed bosons into g-tensors (spinor-like) with 
respect to su q {2) operators. Unlike sp q {A, R), the sp 4 (4, R) generators are de- 
formed and they have expressions in terms of tensor products of spinor-like 
operators. The important result in this case is the creation of a deformed 
su t (2), which can be interpreted as a deformation of the angular momentum 
algebra so(3). Its representation in H is reducible and is decomposed into 
irreducible ones, giving in this way their full description. In a future appli- 
cation, the dependence of the two quantum number basis states in 7i + will 
be presented in terms of three linked integer parameters. 

The reductions into subalgebras (compact and noncompact) of sp(4, R) 
and its deformations give rise to the possibility of different models with dy- 
namical symmetries. In any physical interpretations of the results it is im- 
portant to pay attention to the fact that the deformations do not change 
the basis states in the Fock space, only the action of the operators on them. 
This, with a view towards applications, gives rise to richer choices for op- 
erators associated with observables - nondeformed, as well as deformed. In 
a Hamiltonian theory this implies a dependance of matrix elements on the 
deformation parameter, leading to the possibility of greater flexibility and 
richer structures within the framework of algebraic descriptions. 
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